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On irreducible operators in factor von Neumann algebras
Junsheng Fang, Rui Shi, and Shilin Wen
Abstract. Let M be a factor von Neumann algebra with separable predual and let T ∈ M.
We call T an irreducible operator (relative to M) if W ∗(T ) is an irreducible subfactor of M,
i.e., W ∗(T )′ ∩M = CI. In this note, we show that the set of irreducible operators in M is a
dense Gδ subset of M in the operator norm. This is a natural generalization of a theorem of
Halmos.
1. Introduction
In [1], Halmos proved the following theorem. Let H be a separable (finite or infinite-
dimensional) complex Hilbert space. Then the set of irreducible operators on H is a dense
Gδ subset of B(H) in the operator norm. Recall that an operator T ∈ B(H) is irreducible if T
has no nontrivial reducing subspaces, i.e., if P is a projection such that PT = TP then P = 0
or P = I. We refer to [3] for a beautiful short proof. In this note, we generalize the above
theorem to arbitrary factor von Neumann algebras with separable predual. Let M be a factor
von Neumann algebra with separable predual and let T ∈M. We call T an irreducible operator
(relative to M) if W ∗(T ) is an irreducible subfactor of M, i.e., W ∗(T )′ ∩M = CI. We show
that the set of irreducible operators in M is a dense Gδ subset of M in the operator norm.
Let A ∈ B(H) and B ∈ B(K), where H,K are Hilbert spaces. For every operator X ∈
B(K,H), we define an operator
τA,B(X) = AX −XB.
τA,B is called a Rosenblum operator [5, 4].
Lemma 1.1 (Corollary 0.13 of [4]). If σ(A) ∩ σ(B) = ∅, then AX = XB implies X = 0.
Another ingredient in the proof of our main result is related to the generator problem of
factor von Neumann algebras with separable predual. Precisely, we need the following lemma.
Lemma 1.2. Let M be a factor von Neumann algebra with separable predual. Then there
exists a singly generated irreducible subfactor N in M.
Proof. It is well-known that if M is type I, II∞ or III, then M is singly generated. So the
lemma is clear in these cases. When M is a type II1 factor with separable predual, by [2], there
exists a hyperfinite irreducible subfactor in M which is singly generated. 
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2. Main result
Theorem 2.1. Let M be a factor von Neumann algebra with separable predual. Then the
set of irreducible operators in M is a dense Gδ subset of M in the operator norm.
Proof. Let T ∈M and ǫ > 0. We need to show that there exists an operator S ∈M such
that ‖T − S‖ < ǫ and S is irreducible relative to M, i.e., if P ∈ M is a projection such that
PS = SP , then P = 0 or P = I.
Write T = A + iB, where both A and B in M are self-adjoint operators. By the spec-
tral theorem for self-adjoint operators, there exist λ1 < λ2 < · · · < λn ∈ σ(A) and projec-
tions E1, E2, . . . , En ∈ M such that
∑n
j=1Ej = I and ‖A −
∑n
j=1 λjEj‖ <
1
4
ǫ. Let A1 =∑n
i=1 λiEi and Bij = EiBEj . By the spectral theorem for self-adjoint operators again, there
exist ηi1, ηi2, . . . , ηimi ∈ σ(Bii) and projections Fi1, Fi2, . . . , Fimi ∈ M such that
∑mi
j=1 Fij = Ei
and ‖Bii −
∑mi
j=1 ηijFij‖ <
1
4
ǫ. Let B′ii =
∑mi
j=1 ηijFij.
Define T1 = A1 + iB1, where B1 is self-adjoint, defined in the form
B1 =


E1 E2 · · · En
E1 B
′
11
B12 · · · B1n
E2 B21 B
′
22
· · · B2n
...
...
...
. . .
...
En Bn1 Bn2 · · · B′nn

.
Then T1 can be expressed in the form
T1 = A1 + iB1 =


E1 E2 · · · En
E1 λ1 0 · · · 0
E2 0 λ2 · · · 0
...
...
...
. . .
...
En 0 0 · · · λn

+


E1 E2 · · · En
E1 B
′
11
B12 · · · B1n
E2 B21 B
′
22
· · · B2n
...
...
...
. . .
...
En Bn1 Bn2 · · · B′nn

.
Note that
‖T − T1‖ = ‖(A+ iB)− (A1 + iB1)‖ ≤ ‖A− A1‖+ ‖B −B1‖ <
1
2
ǫ. (2.1)
For 1 ≤ i ≤ n, we can choose real numbers λi1, λi2, . . . , λimi such that
(1) the inequality ‖λiEi −
∑mi
j=1 λijFij‖ <
1
8
ǫ holds for every i;
(2) λ11 < λ12 < · · · < λ1m1 < λ21 < · · · < λ2m2 < · · · < λn1 < · · · < λnmn .
Define A2 =
∑n
i=1
∑mi
j=1 λijFij . Then ‖A1 − A2‖ <
1
8
ǫ. Now we make a small self-adjoint
perturbation B2 of B1 such that each off-diagonal entry of B2, with respect to the decomposition
I =
n∑
i=1
mi∑
j=1
Fij,
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is nonzero. That is we can construct a self-adjoint operator B2 in M such that ‖B2−B1‖ <
1
8
ǫ
and FijB2Fi′j′ 6= 0 if i 6= i′ or j 6= j′. Let T2 be defined in the form T2 = A2 + iB2, for
A2 =


F11 F12 · · · Fnmn
F11 λ11 0 · · · 0
F12 0 λ12 · · · 0
...
...
...
. . .
...
Fnmn 0 0 · · · λnmn

 and B2 =


F11 F12 · · · Fnmn
F11 η11 ∗ · · · ∗
F12 ∗ η12 · · · ∗
...
...
...
. . .
...
Fnmn ∗ ∗ · · · ηnmn

,
where each ∗-entry is nonzero. By applying (2.1), it follows that
‖T − T2‖ ≤ ‖T − T1‖+ ‖T1 − T2‖ <
3
4
ǫ. (2.2)
Since M is a separable factor, FijMFij is also a separable factor. By Lemma 1.2, we can
find positive elements Xij , Yij ∈ FijMFij such that {Xij, Yij}
′′ is an irreducible subfactor of
FijMFij . Now we can choose δ > 0 sufficiently small such that the spectra of λijFij + δXij are
pairwise disjoint, for 1 ≤ i ≤ n and 1 ≤ j ≤ mi.
Let T3 be defined in the form T3 = A3 + iB3, for
A3 =


F11 F12 · · · Fnmn
F11 λ11 + δX11 0 · · · 0
F12 0 λ12 + δX12 · · · 0
...
...
...
. . .
...
Fnmn 0 0 · · · λnmn + δXnmn


and
B3 =


F11 F12 · · · Fnmn
F11 η11 + δY11 ∗ · · · ∗
F12 ∗ η12 + δY12 · · · ∗
...
...
...
. . .
...
Fnmn ∗ ∗ · · · ηnmn + δYnmn

,
where each ∗-entry is the same as in T2. Then, clearly, if δ > 0 is small enough, we have
‖T2 − T3‖ <
1
4
ǫ. (2.3)
Hence, the inequalities (2.2) and (2.3) entail that ‖T − T3‖ < ǫ.
We assert that T3 is irreducible relative to M. Let P ∈ M be a projection commuting
with T3. Then PA3 = A3P and PB3 = B3P . Write P = (Pab)1≤a,b≤k with respect to the
decomposition I =
∑n
i=1
∑mi
j=1 Fij , where k =
∑n
i=1mi. That PA3 = A3P implies that
(λ11F11 + δX11)P12 = P12(λ12F12 + δX12).
Since σ(λ11F11 + δX11) ∩ σ(λ12F12 + δX12) = ∅, we have P12 = 0 by Lemma 1.1. Similarly,
we have Pab = 0 for 1 ≤ a 6= b ≤ k. Thus P =
∑k
a=1 Paa is diagonal with respect to the
decomposition I =
∑n
i=1
∑mi
j=1 Fij .
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By the construction that {Xij , Yij}′′ is an irreducible subfactor of FijMFij , it follows that
Paa is either 0 or IFijMFij for each a. Since the off-diagonal entries of B3 are nonzero, an easy
calculation shows that, if P11 = 0, then Paa = 0 for 1 ≤ a ≤ k. Therefore, P = 0 or P = I. This
proves that T3 is irreducible relative to M.
The remainder is to prove the set of irreducible operators relative to M is a Gδ subset of
M in the operator norm. The proof is similar to that provided by Halmos. For the sake of
completeness, we include the details. Let P be the set of all those selfadjoint operators P in M
for which 0 ≤ P ≤ I. Let P0 be the subset of those elements of P that are not scalar multiples
of the identity. Since P is a weakly closed subset of the unit ball of M, it is weakly compact,
and hence the weak topology for P is metrizable. Since the set of scalars is weakly closed, it
follows that P0 is weakly locally compact. Since the weak topology for P has a countable base,
the same is true for P0, and therefore P0 is weakly σ-compact. Let P1,P2, . . . be weakly compact
subsets of P0 such that ∪∞n=1Pn = P0.
It is to be proved that the set of reducible operators relative to M, denoted by R(M), is
an Fσ set in the operator norm topology. Let Pˆn be the set of all those operators T in M for
which there exists a P ∈ Pn such that TP = PT . Then ∪∞n=1Pˆn = R(M).
The proof can be completed by showing that each Pˆn is closed in the operator norm. Suppose
that Tk ∈ Pˆn and limk→∞ Tk = T in the operator norm. For each k, find a Pk ∈ Pn such that
TkPk = PkTk. Since Pn is weakly compact and metrizable, we may assume that Pk is weakly
convergent to P in Pn. Then limk→∞ TkPk = TP and limk→∞ PkTk = PT in the weak operator
topology. Hence, TP = PT and T ∈ Pˆn. This implies that Pˆn is closed in the operator norm
and R(M) is an Fσ set in the operator norm. 
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